Abstract. We introduce the multi-poly-Bernoulli numbers and polynomials with a q parameter, which are generalizations of the poly-Bernoulli numbers and polynomials with a q parameter, respectively. We give several combinatorial identities and properties of these new numbers and polynomials.
Introduction
The Bernoulli numbers B n are given by the generating function
B n x n n! .
This sequence and its generalizations have many interesting applications in several topics of mathematics such as number theory, combinatorics, and numerical analysis, among others (see [1] ). Many kinds of generalizations of Bernoulli numbers have been presented in the literature. In particular, Kaneko [16] introduced the poly-Bernoulli numbers B (k) n by using the generating function 
is the kth polylogarithm function. Note that if k = 1, then Li 1 (x) = − log(1 − x), and therefore B
(1)
The poly-Bernoulli numbers have applications in number theory. In particular, Arakawa and Kaneko [2] showed that the poly-Bernoulli numbers can be expressed as special values at negative arguments of certain combinations of the generalized zeta function
In combinatorics, these numbers have an interesting application. The number B (−k) n enumerates the (0, 1)-matrices with n rows and k columns uniquely reconstructable from their row and column sums, that is, the lonesum matrices of size n × k [5] . For some additional results about this sequence, see references [3, 5, 9, 15, 19, 20, 21] .
There are several generalizations of poly-Bernoulli numbers (see [3, 4, 10, 19, 20, 23] ). In [18] , the first author gave a generalization of poly-Cauchy numbers with parameter q.
Recently, Cenkci, and Komatsu [8] introduced the poly-Bernoulli numbers (and polynomials) with a q parameter B (k) n,q with n, k ∈ Z, n 0, k 1, and q ∈ R, q = 0, by the generating function
In particular, for q = 1, we recover the poly-Bernoulli numbers, that is, B
where S 2 (n, m) are the Stirling numbers of the second kind defined by
Moreover, for nonnegative integers n and positive integers k, we have [8] 
